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We develop a systematic method of solving two noninteracting Jaynes-Cummings models
by using the dressed state formalism in Hilbert space H(2⊗2)AB . It is shown that such model,
called Double Jaynes-Cummings model (D-JCM), can be exactly solved if we take the initial
bare state as the linear superposition of two Bell states. The collapse and revival oscillation,
which is the standard trait of typical Jaynes-Cummings model, can be recovered if we make
measurement at each local sites. Some consequence of the entanglement-induced dressing is
discussed.
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I. INTRODUCTION
To address some intrinsic riddle of the quantum mechanics of separated bodies and their sepa-
rability, in 1935 Schro¨dinger introduced the notion of entanglement which has become an integral
part of quantum information science1,2. Inspite of its counter-intuitive origin, today entangle-
ment is believed to be the primary ingredient of several charted and uncharted issues of quantum
teleportation3, quantum cryptography4,5 and quantum computer6, the core parts of much-touted
quantum technology. The key feature of entanglement is that, when a single system is parted
away into apparently two isolated subsystems, then any measurement in one subsystem influ-
ences other, no matter whatever be the distance between them. Such nonlocal correlation, which
is often referred as the entanglement or quantum correlation, is quite different from the local
gauge theory where the causal interaction between two subsystems is mediated by so-called ‘gauge
particle’. In a pioneering experiment, Aspect and his coworkers7 conclusively verified the viola-
tion of the Bell-CHSH inequality8,9 which uphold the result of quantum mechanics invalidating
the hidden variable theory advocated by Einstein-Podolsky-Rosen (EPR)10. In the subsequent
∗ Corresponding author: ssen55@yahoo.com
† tkdey54@gmail.com
‡ mrnath˙95@rediffmail.com
ar
X
iv
:1
80
7.
04
95
4v
2 
 [q
ua
nt-
ph
]  
10
 Fe
b 2
01
9
2years, the ‘spooky’ tag of the quantum correlation was completely removed by several loophole
free precision experiments11,12. Apart from the epistemological issues like local realism and mea-
surement, other core problem is the proper quantification of the quantum correlation and in this
regard, concurrence13–15, I-concurrence16, quantum discord17, entanglement witness18,19 etc have
been proposed as the possible measure of the quantum correlation with different physical attributes.
Simplest example of an entangled system is the bipartite system which is formed by two non-
local qubits called two-qubit system. Conventionally, a pair of photon, each with two state of
polarization produced in the parametric down conversion process, is an efficient representative
of the bipartite system. In the recent past, Eberly and his coworkers argued that a pair of two
non-interacting two-level systems produced during the atomic or molecular dissociation, can also
be regarded as the bipartite system with several extra features20–22. Their study reveals that the
intrinsic Rabi oscillation of the two-level system is manifested through an effective oscillation of
the concurrence13,14 which also exhibits entanglement sudden death due to decoherence20,22. Soon
after their proposal, there is an upsurge of studying various quantum-optical effect in presence of
entanglement in various routes20,21,23–31, however, the exact solution of Double Jaynes-Cummings
model (D-JCM) using dressed state formalism is still not available.
There exists a wide class of the coherent phenomena which arises due to the multiple level
structure of a quantum optical system. Among them, the four-level system defined in Hilbert
space H(4), is related with the phenomena like four-level EIT effect32, pulse propagation in coher-
ently prepared four-level system33,34, qubit-induced micro-switching35,36, Rabi oscillation in the
equidistant four-level system37 etc. Recently, in a series of work we have developed a dressed state
formalism to solve the three38 and four-level system37,39 and studied their Rabi oscillation and
other possible properties. To generalize that approach, in the present paper we extend the dressed
state formalism to solve the D-JCM in the Bell basis. We explicitly show that the projection
measurement of the entangled system defined in H(2⊗2)AB , which amounts to taking the partial trace
over the subsystem, precisely gives the population inversion and collapse and revival oscillation of
typical JCM at each local sites.
To achieve our objective, remaining Sections of the paper are organized as follows: In Section
II, we introduce the D-JCM in a requisite form and define the appropriate bare state in the Bell
basis. In Section III we develop the dressed state formalism to solve the model. The population
inversion scenario and the collapse and revival oscillation of the D-JCM are studied in Section IV
and their possible consequences are discussed. We conclude by summarizing essential results of
our investigation and discuss possible outlook.
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FIG. 1: Two two-level systems in product Hilbert space H(2⊗2)AB shown in (a) may be viewed as an
effective four-level system (b).
II. THE DOUBLE JAYNES-CUMMINGS MODEL
A. The model:
In the rotating wave approximation, the Hamiltonian of the Jaynes-Cummings model in Hilbert
space H(2)i is given by40,41,
Hi = ωia
†
iai +
∆
2
σzi + gi(σ
+
i ai + h.c.), (1)
where, σ+i (σ
−
i )and a
†
i (ai) be the ‘atom’ and ‘field’ creation (annihilation) operators with gi be the
coupling parameter at local i-th sites (i =A (Alice), B (Bob)) and ∆ be the detuning, respectively.
Fig.1 shows the schematic diagram of two two-level systems entangled together to form an effective
four-level system Hilbert space H(2⊗2)AB . Thus the Hamiltonian of the Double Jaynes-Cummings
system, which is indeed a bipartite system formed by two nonlocal two-level quantized systems, is
given by,
HˆAB = ωAIA ⊗ IBa†AaA + ωBIA ⊗ IBa†BaB +
∆
2
IA ⊗ σzB +
∆
2
σzA ⊗ IB
+ gBIA ⊗ σ+BaB + gBIA ⊗ σ−Ba†B + gAaAσ+A ⊗ IB + gAa†Aσ−A ⊗ IB.
(2)
At zero detuning ∆ = 0, the off-diagonal contribution of the Hamiltonian can be equivalently
expressed in a 4× 4 matrix,
HˆIAB =

0 gBaB gAaA 0
gBa
†
B 0 0 gAaA
gAa
†
A 0 0 gBaB
0 gAa
†
A gBa
†
B 0
 , (3)
which we proceed to solve using the dressed state formalism37,39 for suitable bare state.
4B. Bare state wave function:
A linear combination of two-qubit states constitutes the Bell states,
| Φ+〉AB = 1√2(| 0A1B〉+ | 1A0B〉), (4a)
| Ψ+〉AB = 1√2(| 0A0B〉+ | 1A1B〉), (4b)
| Ψ−〉AB = 1√2(| 0A0B〉− | 1A1B〉), (4c)
| Φ−〉AB = 1√2(| 0A1B〉− | 1A0B〉), (4d)
respectively, and most general bare state wave function of a semiclassical D-JCM is given by,
| ψAB(0)〉 = c00(0) | Φ+〉AB + c01(0) | Ψ+〉AB
+ c10(0) | Φ−〉AB + c11(0) | Ψ−〉AB,
(5)
where cij (i, j = 0, 1) are the normalized amplitudes. Taking the cavity mode at each local site
quantized, the bare state wave function of the quantized D-JCM can be written as,
| ψAB(0)〉 =
∞∑
nA,nB=0
{c00(0) | Φ+;nA, nB〉+ c01(0) | Ψ+;nA, nB〉
+ c10(0) | Φ−;nA, nB〉+ c11(0) | Ψ−;nA, nB〉},
(6)
where, nA and nB be the field modes at local sites A and B with the Bell-Fock basis given by,
| Φ±;nA, nB〉 = 1√2(| 0A1B;nA + 1, nB〉± | 1A0B;nA, nB + 1〉), (7a)
| Ψ±;nA, nB〉 = 1√2(| 0A0B;nA + 1, nB + 1〉± | 1A1B;nA, nB〉), (7b)
respectively. It is worth noting here that, none of these four Bell-Fock states in Eq.(7) sepa-
rately constitutes a solution of Schrodinger equation, but a pair of them does. In particular, we
note that out of 4!(4−2)!2! = 6 independent Bell pairs, only following linear combinations, namely,
{| Φ+〉, | Ψ+〉} and {| Φ−〉, | Ψ−〉}, are exactly solvable. Thus, there exists two distinct situations
for which the interaction Hamiltonian in Eq.(3) is exactly solvable:
Scenario-I: When the initial bare state is formed by superposing the Bell pair, | Φ+〉 and | Ψ+〉:
By substituting Eq.(7) into Eq.(6) and taking c10(0) = 0, c11(0) = 0, we obtain following bare
state wave function,
| ψIAB(0)〉 =
∞∑
nA,nB=0
c01(0){| 0A0B;nA + 1, nB + 1〉+ | 1A1B;nA, nB〉}
+ c00(0){| 0A1B;nA + 1, nB〉+ | 1A0B;nA, nB + 1〉},
(8)
5which can be equivalently written as,
| ψIAB(0)〉 =
∞∑
nA,nB=0

c00(0) | nA + 1, nB + 1〉
c01(0) | nA + 1, nB〉
c01(0) | nA, nB + 1〉
c00(0) | nA, nB〉
 . (9)
Scenario-II: When the initial bare state is formed by the Bell pair | Φ−〉 and | Ψ−〉:
Proceeding similar way and taking c00(0) = 0, c01(0) = 0 we obtain,
| ψIIAB(0)〉 =
∞∑
nA,nB=0
c11(0){| 0A0B;nA + 1, nB + 1〉− | 1A1B;nA, nB〉}
+ c10(0){| 0A1B;nA + 1, nB〉− | 1A0B;nA, nB + 1〉},
(10)
which can be also expressed as,
| ψIIAB(0)〉 =
∞∑
nA,nB=0

c10(0) | nA + 1, nB + 1〉
c11(0) | nA + 1, nB〉
−c11(0) | nA, nB + 1〉
−c10(0) | nA, nB〉
 . (11)
After developing the requisite model and the bare states in the Bell basis, we proceed to find its
density matrix ρAB(t) of the D-JCM to calculate the collapse and revival at each local sites by
using the formula,
〈WA(t)〉 = Tr[ρA(t)σz], (12a)
〈WB(t)〉 = Tr[ρB(t)σz], (12b)
where ρi(t)(= Trj [ρAB(t)]) be the reduced density matrix of the subsystem at local site i, j = A,B
and i 6= j, respectively.
III. DRESSED STATE SOLUTION OF DOUBLE JAYNES-CUMMINGS MODEL
For Scenario-I, to solve the D-JCM using the dressed state formalism, we define the initial
dressed wave function by a orthogonal transformation of the bare state in Eq.(9)37,39,
| 1;nA, nB〉
| 2;nA, nB〉
| 3;nA, nB〉
| 4;nA, nB〉
 = Tα

| nA + 1, nB + 1〉
| nA + 1, nB〉
| nA, nB + 1〉
| nA, nB〉
 . (13)
6In Eq.(13), the transformation matrix Tα must satisfy the following consistency condition,
TαH
I
nA,nB
T Tα = diag(E
1
nA,nB
, E2nA,nB , E
3
nA,nB
, E4nA,nB ), (14)
where HInA,nB and E
i
nA,nB
be the interaction Hamiltonian and their eigenvalues in the dressed state
basis which are to be evaluated. In Eq.(14), the orthogonal matrix Tα is given by,
Tα =

α11 α12 α13 α14
α21 α22 α23 α24
α31 α32 α33 α34
α41 α42 α43 α44
 , (15)
with αij is parameterized as
42,
α11 = c1c5 + s1s3s4s5
α12 = c1s5s6 + s1c3c6 + s1s3s4c5s6
α13 = s1s3c4
α14 = −c1s5s6 − s1c3s6 + s1s3s4c5s6
α21 = −s1c2c5 + (c1c2s3 − s2c3)s4s5
α22 = s1c2s5s6 + c1c2c3 + s2s3)c6 + (c1c2s3
−s2c3)s4c5s6
α23 = (c1c2s3 − s2c3)c4
α24 = s1c2s5c6 − (c1c2c3 + s2s3)c6 + (c1c2s3
−s2c3)s4c5s6
α31 = −s1s2c5 + (c1s2s3 + c2c3)s4
α32 = s1s2s5s6 + (c1c2c3 − c2s3)c6 + (c1s2s3
+c2c3)s4c5s6
α33 = (c1s2s3 + c2c3)c4
α34 = s1s2s5c6 − (c1s2c3 − c2s3)s6 + (c1s2s3
+c2c3)s4c5s6
α41 = c4s5
α42 = c4c5s6
α43 = −s4
α44 = c4c5c6
(16)
7with sk = sin θk and ck = cos θk (k = 1, 2, 3, 4, 5, 6). Using the algebra, namely,
aAσ
+
A | 0A0B;nA + 1, nB + 1〉 =
√
nA + 1 | 1A0B;nA, nB + 1〉,
aAσ
+
A | 0A1B;nA + 1, nB〉 =
√
nA + 1 | 1A1B;nA, nB〉,
aBσ
+
B | 0A0B;nA + 1, nB + 1〉 =
√
nB + 1σ
+
B | 0A1B;nA + 1, nB〉
aBσ
+
B | 1A0B;nA, nB + 1〉 =
√
nB + 1 | 1A1B;nA, nB〉, (17)
aA
†σ−A | 1A0B;nA, nB + 1〉 =
√
nA + 1 | 0A0B;nA + 1, nB + 1〉,
aA
†σ−A | 1A1B;nA, nB〉 =
√
nA + 1 | 0A1B;nA + 1, nB〉,
aB
†σ−B | 0A1B;nA + 1, nB〉 =
√
nB + 1 | 0A0B;nA + 1, nB + 1〉,
aB
†σ−B | 1A1B;nA, nB〉 =
√
nB + 1 | 1A0B;nA, nB + 1〉,
it is straightforward to find that the mixing angles to be
θ1 = arccos
1√
6
, θ2 = arccos
2√
5
, θ3 = arccos−
√
3
5
,
θ4 = arccos−
√
3
2
, θ5 = arccos
√
2
3
, θ6 = arccos
1√
2
,
(18)
and in the dressed basis, the interaction Hamiltonian Eq.(3) becomes,
HInA,nB =

0 ΩB2
ΩA
2 0
ΩB
2 0 0
ΩA
2
ΩA
2 0 0
ΩB
2
0 ΩA2
ΩB
2 0
 , (19)
where, Ωi = gi
√
ni + 1. The corresponding time-dependent amplitude is found to be,
c01(t)
c11(t)
c11(t)
c01(t)
 = T
T
α

e−iE
1
nA,nB
t 0 0 0
0 e−iE
2
nA,nB
t 0 0
0 0 e−iE
3
nA,nB
t 0
0 0 0 e−iE
4
nA,nB
t
Tα

c00(0)
c01(0)
c01(0)
c00(0)
 , (20)
where, E1nA,nB = −E2nA,nB = −12(ΩnA − ΩnB ), and E3nA,nB = −E4nA,nB = −12(ΩnA + ΩnB ), respec-
tively. Thus the time-dependent wave function in the Bell basis is found to be,
| ψAB(t)〉 =
∞∑
nA,nB=0
{c¯00(t) | Φ+AB;nA, nB〉+ c¯01(t) | Ψ+AB;nA, nB〉}, (21)
where the amplitudes are given by,
c¯00(t) = c00(0) cos(ΩA + ΩB)t− ic01(0) cos(ΩA + ΩB)t (22a)
c¯01(t) = c01(0) cos(ΩA + ΩB)t− ic00(0) cos(ΩA + ΩB)t, (22b)
8respectively. The corresponding density matrix for Scenario-I is found to be,
ρAB11 (t) = ρ
AB
44 (t) = ρ
AB
14 (t) = ρ
AB
41
∗
(t) =
c200(0) cos
2
[
1
2
(ΩA + ΩB)t
]
+ c201(0) sin
2
[
1
2
(ΩA + ΩB)t
]
, (23a)
ρAB22 (t) = ρ
AB
33 (t) = ρ
AB
23 (t) = ρ
AB
32
∗
(t) =
c201(0) cos
2
[
1
2
(ΩA + ΩB)t
]
+ c200(0) sin
2
[
1
2
(ΩA + ΩB)t
]
, (23b)
ρAB12 (t) = ρ
AB
21
∗
(t) = ρAB13 (t) = ρ
AB
31
∗
(t) =
c00(0)c01(0)− i
2
(c200(0)− c201(0)) sin (ΩA + ΩB)t. (23c)
In the dressed basis, corresponding diagonal part of the Hamiltonian from Eq.(2) is given by,
H0nA,nB =

H11nA,nB 0 0 0
0 H22nA,nB 0 0
0 0 H33nA,nB 0
0 0 0 H44nA,nB
 , (24)
where the elements are,
H11nA,nB = nAωA + nBωB + (1 + nA)ωA + (1 + nB)ωB,
H22nA,nB = (1 + nA)ωA + nBωB,
H33nA,nB = nAωA + (1 + nB)ωB,
H44nA,nB = nAωA + nBωB.
(25)
From Eq.(19) and (24), the total Hamiltonian is given by Hn = H
0
nA,nB
+HInA,nB and the effective
energies of the dressed states obtained by diagonalising it,
E1nA,nB = E
0
nA,nB
− 1
2
(RnA −RnB ), (26a)
E2nA,nB = E
0
nA,nB
+
1
2
(RnA −RnB ), (26b)
E3nA,nB = E
0
nA,nB
− 1
2
(RnA +RnB ), (26c)
E4nA,nB = E
0
nA,nB
+
1
2
(RnA +RnB ), (26d)
where, E0nA,nB = (nA +
1
2)ωA + (nB +
1
2)ωB and Rni =
√
Ωni + ωi, respectively. The appear-
ance of multiple number of dressed states due to the entanglement-induced dressing has put our
treatment of dressed state formalism in a advantageous position compare to other approaches of
D-JCM21,24,26–31.
9IV. NUMERICAL ANALYSIS:
Following the preestablished protocol, finally we shall make measurement at each local sites by
taking projection of the entangled system given by Eq.(12) using the density matrix obtained in
Eq.(23). For completeness, we first study the vacuum Rabi oscillation (nA = nB ≡ 0) of the D-JCM
at each local sites and then proceed to study the collapse and revival oscillation. For Scenario-I,
Fig.2 depicts the time evolution of the population inversion at A and B with c00(0) = cos θ and
c01(0) = sin θ, respectively, for different values of θ. From there it is evident that the pattern of
0 4 8
-1
0
1
gt
W
A,
B
0 4 8
-0.5
0
0.5
gt
W
A,
B
0 4 8
-0.5
0
0.5
gt
W
A,
B
0 4 8
-1
0
1
gt
W
A,
B
FIG.2: Time evolution of the population inversion at site A (Red online) and B (Blue online) for
Scenario-I with θ = 0, θ = pi6 , θ =
pi
3 and θ =
pi
2 for nA = nB ≡ 0 with detuning ∆ = 0.
Rabi oscillation at Alice and Bob are in the opposite phase to each other. In particular, for θ = 0
and θ = pi2 , which corresponds pure Φ
+ and Ψ+ state respectively, the amplitude of oscillation
attains its maximum value which is gradually suppressed with the increase of θ. For θ = pi4 , which
corresponds to the equal admixture of both states, the oscillation completely ceases to exists (not
shown).
0 20 40 60 80
-1.0
-0.5
0.0
0.5
1.0
gt
W
A
0 20 40 60 80
-1.0
-0.5
0.0
0.5
1.0
gt
W
B
FIG.3: Collapse and revival of the population inversion 〈WA(t)〉 (Red online) and 〈WB(t)〉 (Blue online)
for Case-I with |α|2 = 20 and ∆ = 0.
Finally to study the collapse and revival at local sites, we consider two distinct situations: Case-
I: when the state with amplitude c00(0) is initially in the coherent state, i.e., c00(0) = e
−|α|2 αn√
n!
10
and c01(0) = 0, and Case-II: when c01(0) is initially in the coherent state, i.e., c00(0) = 0 and
c01(0) = e
−|α|2 αn√
n!
, respectively. Fig.3 and 4 illustrate the collapse and revival of the population
inversion at Alice and Bob for these two cases which are indeed identical to each other. More
0 20 40 60 80
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-0.5
0.0
0.5
1.0
gt
W
A
0 20 40 60 80
-1.0
-0.5
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0.5
1.0
gt
W
B
FIG.4: Collapse and revival of the Population Inversion 〈WA(t)〉 and 〈WB(t)〉 for Case-II with |α|2 = 20
with ∆ = 0.
specifically, the time of collapse and time of revival at local sites are found to be tc '
√
2
g and
tr ' 2pi|α|g , which precisely coincide with those of the typical Jaynes-Cummings model41. In other
words, it is possible to observe the collapse and revival at ‘A’ and ‘B’ and measure their respective
collapse and revival time. The collapse and revival for Scenario-II with other pair of Bell states in
Eq.(10) is identical to Scenario-I and therefore we abstain to reiterate it.
V. CONCLUSION
In this paper we have developed a dressed state formalism to solve the lossless Double Jaynes-
Cummings model while taking the basis state as the linear superposition of two Bell states. In
particular, it is shown that for some specific pairs of Bell states, the model precisely recovers the
collapse and revival time of typical JCM at each local sites. Going beyond multifaceted applications
of photonic entanglement, the study of the entanglement scenario of atomic or molecular system
with two or three levels38,39 has a very special appeal as they are connected with plethora of
quantum-optical phenomena such as, intensity-intensity correlation, squeezing phenomenon, Moller
splitting, bunching and anti-bunching effect etc41 including the manipulation of the bulk properties
of materials such as EIT43. Studies of the diverse class of bipartite system within the framework
of the D-JCM may provide a handle to explore a new arena of quantum correlation where the
manipulation and control of various optical properties could be done nonlocally.
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